We investigate theoretically an original route to achieve Bose-Einstein condensation using dark power-law laser traps. We propose to create such traps with two crossing blue-detuned LaguerreGaussian optical beams. Controlling their azimuthal order ℓ allows for the exploration of a multitude of power-law trapping situations in one, two and three dimensions, ranging from the usual harmonic trap to an almost square-well potential, in which a quasi-homogeneous Bose gas can be formed. The usual cigar-shaped and disk-shaped Bose-Einstein condensates obtained in a 1D or 2D harmonic trap take the generic form of a "finger" or of a "hockey puck" in such Laguerre-Gaussian traps. In addition, for a fixed atom number, higher transition temperatures are obtained in such configurations when compared with a harmonic trap of same volume. This effect, which results in a substantial acceleration of the condensation dynamics, requires a better but still reasonable focusing of the Laguerre-Gaussian beams.
I. INTRODUCTION
Quantum information processing and matter-wave interferometry are two applications of atom optics which demand an unprecedented level of quantum control of the external and internal degrees of freedom of atoms and molecules. They require the implementation of miniaturized atomic and molecular traps in order to minimize the number of accessible translational energy levels. These traps can be realized using either an inhomogeneous magnetic field created by micro-fabricated circuits on an atom chip [1] or the inhomogeneous electric field of a laser beam profile [2] . The first technique, which allows for the implementation of complex trap configurations of almost arbitrary geometry [3] , is limited to specific Zeeman sublevels and may suffer from decoherence due to the proximity with the chip surface. With the second technique, any kind of internal atomic or molecular state may be trapped in a non-dissipative way, but this approach usually suffers from a lack of flexibility since the shape of the trapping potential is not easily reconfigurable [4] .
However, the use of programmable diffractive optical elements has recently brought a new flexibility for the optical manipulation of single atoms [5] and of cold atomic ensembles [6] .
With atomic traps realized using the optical dipole force, the atoms can be attracted or repelled from high intensity regions, depending on the sign of the laser detuning with respect to the atomic transition frequency. With blue-detuned traps, where the light frequency is tuned above the atomic resonance, it is possible to avoid many of the possible sources of decoherence since the atoms are confined in regions of minimum light intensity. In this case, spontaneous photon scattering events are relatively rare, providing low heating rates. The light-induced shifts of the atomic energy levels are also reduced, and low laser powers are usually sufficient to trap a large collection of atoms during a relatively long time [7] .
Dark hollow laser beams offer interesting perspectives in this context due to the development of efficient approaches for generating these types of optical configurations with programmable [8, 9] and dynamically reconfigurable [10] holograms.
Laguerre-Gaussian (LG ℓ p ) optical beams [11] are such circularly symmetric hollow laser modes. They are characterized by a radial index p and an azimuthal index ℓ [12] . These beams carry a well defined orbital angular momentum ℓ along their propagation axis. This property was used recently for the coherent preparation of atomic vortex states in a Bose-Einstein condensate (BEC) of sodium atoms [13] and to induce the persistent flow of a BEC confined in a toroidal trap [14] . Here, we report on the transition temperature and on the growth dynamics of trapped interacting dilute Bose gases in blue-detuned Laguerre-Gaussian laser beams. In the dark region surrounding the beam propagation axis, the atoms are confined in a quasi power-law trapping potential V ℓ (ρ) ∝ ρ 2ℓ , where ρ = x 2 + y 2 is the radial distance to the beam center [15] . Typical shapes of such trapping potentials are shown in Fig. 1 in the case of a harmonic trap (ℓ = 1), and for ℓ = 6, along with the Thomas-Fermi atomic densities expected for large condensate occupation numbers. These traps are characterized by very different energy level structures which will necessarily affect the condensation process. In addition, for large condensate occupation numbers, the atomic density should reflect the shape of the potential, yielding very different distributions for different values of ℓ, as seen schematically in Fig. 1 . For ℓ → ∞, a quasi squarewell potential is obtained, providing a homogeneous trap. In practice, for ℓ 4 the condensate is characterized by an almost constant density over the entire trap volume.
II. DESCRIPTION OF THE TRAP
In order to create a power-law laser trap we propose to use Laguerre-Gaussian beams, more precisely LG ℓ 0 modes with p = 0. These modes are circularly symmetric, and their intensity profile can be written as
where ℓ is the order of the mode, P the beam power and w 0 the beam waist. Inside the Rayleigh range |z| ≪ z R with z R = πw 2 0 /λ, the beam waist can be considered as constant. λ denotes here the radiation wavelength. As shown in Fig. 2 , the laser profile consists in a ring of light with the maximum intensity
located at ρ = ρ 0 = w 0 ℓ/2. Many methods are available for creating LaguerreGaussian modes. One of them consists in applying a helical phase χ(φ) = ℓ φ to the wavefront of a Gaussian beam. This transforms the Gaussian beam into a nearly-pure Laguerre-Gaussian mode. Experimentally, it is performed with a phase-hologram which can be realized for example with a liquid crystal spatial light modulator. Details about the method and the generated modes are given in Ref. [8] and in Ref. [16] . As can be seen in Fig. 2(b) , the averaged measured intensity profile follows a clean power-law variation I ℓ (ρ) ∝ ρ 2ℓ inside the ring of light. In addition, near the ring center the light intensity, which should approach zero according to Eq. (1), quickly reaches the background noise of the CCD camera.
Far-and blue-detuned from the atomic resonance, the center of the intensity profile of Eq. (1) can be used to trap neutral atoms. The associated dipole optical potential can be written as
in the framework of the usual two-level approximation [2] . Γ s is the spontaneous atomic emission rate, δ the laser detuning, and I s the saturation intensity [17] . This trapping potential is therefore characterized by a potential barrier of height
located at ρ = ρ 0 . In addition, well inside the waist radius (ρ ≪ w 0 ), and for atoms having a temperature k B T ≪ V 0 ℓ , this potential is, in a good approximation, given by the expression
which follows a simple even power-law variation.
In order to create a 3-dimensional trap, we have considered an all-optical configuration consisting of two perpendicularly crossing LG ℓ 0 laser modes. The polarizations of these two beams are chosen to be orthogonal to avoid any interference pattern. The first beam, circularly symmetric, propagates along the z direction and provides trapping in the (x, y) plane. Trapping in the third dimension is provided by another strongly elongated LaguerreGaussian beam shaped elliptically in the form of a light sheet and propagating in the x direction. With this beam configuration, the corresponding potential near the trap center is described by
where α and β are two even integers. As seen in Eq. (5), U ⊥ and U z are simple functions of the laser parameters P , δ and w 0 of the two beams.
III. BOSE-EINSTEIN CONDENSATION IN A POWER-LAW TRAP
A. Geometrical aspects
In the mean-field regime, a BEC formed in such a trap can be described by the normalized macroscopic condensate wave function Ψ c (ρ, z) solution of the Gross-
where m denotes the atomic mass and µ c is the chemical potential related to the condensate number N c . The nonlinear term g N c |Ψ c | 2 describes the mean field two-body interaction whose strength
is proportional to the s-wave scattering length a s [19] . One of the main parameters which controls the condensation process is the trap confinement. Indeed, for any trap, the condensation process is taking place when the atomic density is approximately one particle per cubic thermal de Broglie wavelength. More precisely, it can be shown [20] that the peak atomic density n(0) in the center of the trap and at the onset of condensation is
where ζ(x) denotes the Riemann zeta function [21] and
is the thermal de Broglie wavelength at temperature T . The trap confinement, having a strong influence on n(0), has consequently a large impact on the transition temperature.
In order to study the effects of the shape of the potential, and of this shape only, on the condensation process, we have decided to fix the average atomic density, and therefore to fix the volume of space occupied by the condensate. For this purpose, we first define the volume of the trap where V (ρ, z) ε, ε being an arbitrary energy. This volume can be written as
where
and where
denotes an important parameter characterizing the shape of the potential. Γ(x) denotes here the complete gamma function [21] . We then approximate the condensate chemical potential by its Thomas-Fermi expression (valid for large condensate occupation numbers) as
The volume V c of the Thomas-Fermi condensate, which corresponds to the region where V (ρ, z) µ TF (N c ), is then obtained as
This volume V c will be fixed arbitrarily to V c = 5.3 × 10 3 µm 3 throughout this manuscript. We now consider three distinct configurations that we label as 1D LG , 2D
LG and 3D LG . In the 1D LG case, a Laguerre-Gaussian beam of index ℓ > 1 is imposed along a single dimension, while trapping in the two others is harmonic. This corresponds to α = 2 and β = 2ℓ in Eq. (6) . Similarly, the 2D LG case corresponds to a 2D power-law trapping potential, with α = 2ℓ and β = 2. Finally, in the 3D LG configuration, the power-law potential is imposed in all directions, with α = β = 2ℓ and U ⊥ = U z . In the 1D LG and 2D LG cases, the confinement is arbitrarily supposed to be 5 times tighter in the harmonic trap compared to the power-law trap, in order to recover the usual cigar and disk shapes obtained in the case of a 1D and 2D confinement respectively. Fig. 3 shows the three-dimensional shapes of the condensates obtained by solving the Gross-Pitaevskii equation (7) in these three configurations for ℓ = 1 and for ℓ = 6. These calculations were performed for one million Rubidium-87 atoms using the imaginary-time relaxation technique [22] . Compared to the usual harmonic trap in 1D (cigar shape) and 2D (disk shape) [23] , one can observe that for large values of ℓ the entire accessible trap volume is occupied by an almost constant atomic density. Going from ℓ = 1 to ℓ = 6 therefore transforms the usual cigar shape in a kind of finger and the usual disk shape in a kind of hockey puck. In a 3D trap, this transformation results in a cylindrical shape for the condensate, while the usual spherical shape is obtained for ℓ = 1. The shape of the condensate can thus be modified between these different limits by simply tuning the azimuthal index ℓ of the Laguerre-Gaussian beams.
We will show hereafter that the variation of the shape of the potential has also a strong impact on the condensation temperature.
B. Transition temperature
The total number of particles N can be expressed using the equation of state as [24] 
where T is the absolute temperature, f = e µ/kB T the fugacity and g s (z) the Bose function of order s In the case of an ideal gas with no zero-point energy, the critical value of the chemical potential is µ = 0. Introducing this value in Eq. (16) and neglecting the condensate number N c = f /(1 − f ) yields the critical temperature of the ideal gas
One can already note from this equation that since given in Eq. (18) . The study of this effect has attracted a significant amount of attention during the last 50 years [26] , after it was realized that the dependence of T c on the atomic interaction strength is determined by different physical mechanisms in homogeneous and in inhomogeneous (for instance harmonic) trapping potentials. In the case of a homogeneous dilute Bose gas, it is only in 1999 that this issue has been settled [27] .
For the range of parameters explored here, i.e. in the presence of a power-law trapping potential with 1 ℓ 6, long-wavelength fluctuations still have a marginal impact on the critical temperature. The shift due to atomic interactions can therefore be obtained with a good accuracy using mean-field theory in the thermodynamic limit [28] . In our particular case, the corrections due to atomic interactions can be introduced up to the second 
where the coefficients D 1 (η) and D ′ 1 (η) characterize large distance and short range potential shape effects, respectively. These coefficients, as well as the second order term D 2 (η), can be calculated as described very pedagogically in Ref. [28] . Note that the inclusion of corrections up to second order in the interaction strength is necessary for η 1, i.e. when a quasi-homogeneous Bose condensate is formed [26, 28] . Indeed, in this case, the third and forth terms in the expansion (19) are not negligible when compared to D 1 (η)q. Fig. 4 shows the variation of the interacting condensation temperature T c with the Laguerre-Gauss index ℓ in the 1D LG , 2D LG and 3D LG configurations described previously for 10 6 atoms. One can notice in Fig. 4 an increase of the transition temperature with ℓ, the effect being particularly pronounced when the power-law trap is imposed to the three dimensions. Indeed, in the 3D LG configuration, T c varies from 360 nK for ℓ = 1 to 530 nK for ℓ = 6. This large increase in T c (+50%) is due to the different density of states g(ε) obtained for ℓ > 1 when compared to a harmonic trap. Indeed, in a semi-classical approach
where ε ℓ (r, p) denotes the dispersion relation p 2 /2m + V (ρ, z). Inserting Eq.(6) in this expression and integrating over the position and momentum coordinates yields
Consequently, g(ε) is proportional to ε 2 for a harmonic trap and to √ ε in the homogeneous limit. A schematic representation of the associated energy level structures can be seen in Fig. 1 . A consequence of these different ladder structures is that, when the volume that the atoms can access is fixed, the population of the ground state at a given temperature is much higher for ℓ > 1 when compared to the same population in a harmonic trap, characterized by ℓ = 1.
This can be seen in Fig. 5 which shows, at fixed temperature, the Bose-Einstein distribution of population of the first few 1D
LG trap levels as a function of ℓ. This simple effect of redistribution of atomic population favors the ground state as ℓ increases, and it therefore favors condensation at higher temperatures in Laguerre-Gaussian beams of high azimuthal orders ℓ.
In addition, varying ℓ allows for the exploration of the crossover from the inhomogeneous regime (η > 1), where the interaction shift on T c is mainly due to large distance potential shape effects (
, to the quasi-homogeneous regime (η < 1), where critical effects near the trap center dominate (
C. Experimental constraints
To achieve Bose-Einstein condensation using these proposed Laguerre-Gaussian dark power-law laser traps, it is crucial to minimize photon scattering from the trapping light since this phenomenon usually constitutes a major source of heating in optical traps. To minimize the scattering rate, traps with large detunings are favorable, and dark traps have an advantage over bright traps [29] . In the following, we estimate the photon scattering rate in the 3D LG case, which provides the highest condensation temperature.
In the framework of the usual two-level approximation [2] , the photon scattering rate can be expressed as
where I denotes the averaged light intensity experienced by the atoms [29] . We can estimate this averaged intensity from the atomic density n(r) and the intensity profile I(r) using the expression
The local density approximation [30] can be used to express the atomic density of a thermal cloud of cold atoms n(r) in Eq. (23) . This yields
where U = U ⊥ = U z , and where the chemical potential µ of the thermal cloud can be obtained by solving the integral equation N = n(r) d 3 r. The variation of the photon scattering rate with ℓ is shown Fig. 6 for a thermal atomic cloud at T = 1 µK and for different laser detunings with P = 5 W in the 3D LG case. One can see that the smallest detunings δ = 2π × 10 GHz and δ = 2π×100 GHz yield relatively high photon scattering rates of the order of 10 to 100 events per second for ℓ = 1. On the other hand, far detuned from the atomic resonance, with δ = 2π × 10 THz for instance, the photon scattering rate in these traps is extremely low: in the range of 2 × 10 −3 to 10 −1 s −1 only, depending on the value of ℓ. This corresponds to heating rates in the range of 1 to 40 nK/s. These small values make of these types of traps good candidates for evaporative cooling towards quantum degeneracy.
Moreover, traps with large values of ℓ are less sensitive to heating processes due to photon scattering events than harmonic traps of the same volume (corresponding to ℓ = 1 in Fig. 6 ). This is due to a smaller value of the averaged intensity of the trapping light, as it could be expected from the qualitative picture seen Fig. 1 .
In addition, with fixed laser parameters, increasing the Laguerre-Gauss index ℓ results in the formation of a less confining potential [see Eq. (5) or Ref. [16] for instance]. Maintaining a fixed condensate volume when ℓ is changed therefore requires to modify the laser power P , detuning δ, or waist w 0 . These limitations are described in Fig. 7 . This Figure shows, for the realistic and moderate laser power P = 5 W and the laser detuning δ = 2π × 10 THz, the variation of the laser ring size ρ 0 of the LaguerreGauss beam as a function of ℓ, in the 1D LG , 2D LG and 3D
LG configurations with N = 10 6 atoms. In this Figure, one can see that achieving condensation with a fixed average atomic density requires a smaller ring size ρ 0 (and therefore a smaller beam waist radius w 0 ) in the case of a quasi-homogeneous trap (ℓ ≫ 1) when compared to a harmonic trap (ℓ = 1).
A higher condensation temperature is therefore obtained in our study with larger values of ℓ at the cost of a better focusing of the beam. In all cases the ring size remains larger than 35 µm, the beam waist radius w 0 always being larger than 20 µm. The focusing required is therefore quite achievable experimentally. One can also note that a larger waist radius would be obtained if a higher laser power P was chosen.
D. Kinetics of condensation
Beyond its thermodynamics properties, the kinetics of formation of the condensate may also be altered by the shape of the trapping potential.
The fundamental process which governs this kinetics is bosonic stimulation. This effect, which results from the symmetry of the bosonic wave function with respect to the interchange of any pair of particles, induces a selfacceleration of the condensate growth since the growth rate is proportional to the number of ground state atoms already present.
To determine the influence of Laguerre-Gauss optical traps on the kinetics of condensation, we adopt the quantum kinetic theory approach derived by Gardiner et al in 1998 [31] . This approach consists in a major extension of the initial model derived in 1997 [32] , taking into account the evolution of the occupations of lower trap levels and of the Bose-Einstein distribution for the occupation of higher trapped levels. This model describes the growth of a condensate from a non-depletable bath of thermal atoms at a fixed positive chemical potential µ and temperature T . It is therefore only valid for temperatures such that at equilibrium the condensate fraction remains small (N eq c /N ≪ 1). Comparisons with more elaborate theoretical descriptions and with experimental data have shown that this approach is valid up to condensate fractions of about 10% [31, 33] . In this case one is left with a simple rate equation for the condensate number N c (t)
where the growth rate [34] 
is an explicit function of T . It is also an implicit function of N c and of the trap parameters through the expression of the chemical potential of the condensate µ c = µ TF (N c ) given in Eq. (14) . In the expression of the growth rate
with
and In all cases, after a latent period during which the growth is dominated by the spontaneous rate equatioṅ N c ≃ 2W + , the stimulated effect takes over, andṄ c ∝ 2W + × N c . This results in a very rapid growth, until saturation is achieved when µ c ≃ µ.
For ℓ = 1, the 1D LG , 2D
LG and 3D LG configurations are characterized by the same shape parameter η and by identical trap volumes. These three configurations therefore present identical density of states, and the time required to form a condensate in these three traps is the same: about 0.3 s. On the other hand, with ℓ = 6, even if the trap volume is fixed, a shape effect appears since the shape parameter η differs in the 1D LG , 2D LG and 3D LG configurations. As a consequence, the times of formation of the condensate in these three traps are different. The fastest condensation takes place in the 3D LG configuration, in about 35 ms. A substantial speed-up of up to one order of magnitude is therefore expected using Laguerre-Gaussian beams when compared to the usual harmonic trap. This acceleration can be interpreted using the growth equation (25) from the increase of the condensation rate W + with temperature [33] and from the shape effect due to the η-dependence of W + . 
E. Evaporation
Beyond the specific problem of the kinetics of the condensation process studied here, remains the crucial point of the mechanism used to cool the atoms in these Laguerre-Gauss power-law traps.
As mentioned previously, in a blue-detuned LaguerreGaussian optical trap, the trapping potential is not simply given by a pure power-law variation, but by the exact expression (3) . This trapping potential is therefore characterized by the presence of a potential barrier at ρ = ρ 0 . Consequently, an evaporation ramp can be carried out to cool the atoms by simply lowering the power P of the Laguerre-Gauss beam, as it is commonly done with standard Gaussian laser beams [35] .
However, this simple evaporation mechanism suffers from the fact that the trap confinement is reduced during this forced evaporative cooling procedure. This is a serious limitation which originates from an induced reduction of the trap frequency, of the collision rate, and consequently of the evaporation efficiency. Achieving condensation using this simple forced evaporation procedure therefore requires starting from an atomic cloud with a large phase-space density and a high collision rate [36] .
This unwanted decrease of the evaporation rate can be limited using for instance a mobile lens in order to decrease the beam waist radius at the same time as one decreases the laser power [37] .
Recently, new strategies have also been developed in order to improve the evaporation efficiency in optical traps. One of these successful procedures uses for instance a combination of a tightly confining optical dipole trap and of a much wider laser beam in order to control independently the trap confinement and the trap depth [38] .
There is no reason to think that achieving large ini-tial phase-space densities could be problematic with Laguerre-Gaussian traps, but even if it is the case in a specific experimental configuration, a similar approach could be considered to improve the evaporation efficiency. In any case, it is interesting to note that the growth rate of the condensate W + is proportional to the atomic collision rate. The increased rate of formation of the condensate with an an-harmonic Laguerre Gaussian trap LG ℓ 0 , with ℓ > 1, is thus primarily due to a higher collision rate in such traps at the condensation temperature. This increased collision rate should be helpful for BEC production.
IV. CONCLUSION
To conclude, we have presented a realistic theoretical analysis of an original all-optical setup designed for Bose-Einstein condensation. This setup is based on crossed Laguerre-Gaussian laser beams. Our analysis is made in realistic experimental conditions: the results presented here require for instance 5 W @ 760.4 nm, with a laser detuning δ = 2π × 10 THz and with laser ring sizes ρ 0 35 µm, corresponding to laser waist radius w 0 20 µm. In these trapping potentials, the photon scattering rate can be reduced down to extremely low values, of the order of a few 10 −3 s −1 , thus providing long coherence times for the trapped atoms.
We have shown that high Laguerre-Gauss azimuthal orders ℓ provide increased condensation temperatures (+50%) when compared to the usual harmonic trapping situation. In this case, the condensate formed for different values of ℓ has the same typical size but has a different shape. Furthermore, a substantial speed-up (up to one order of magnitude) for the time of formation of the condensate is also predicted. These improvements, whose physical origin lies in the density of states associated with these traps, along with the long coherence times expected in dark optical traps, could be influential in domains where large condensate occupation numbers are necessary, or where higher experimental repetition rates are desired.
In addition, this all-optical trapping configuration should allow for the experimental exploration of the crossover between a quasi-homogeneous Bose gas and an inhomogeneous one formed for instance in a harmonic trap. For ℓ > 10, one is left with an almost perfect homogeneous Bose gas, and the influence of long-wavelength non-perturbative critical fluctuations on T c should become measurable.
Finally, compared to recent experimental realizations of Bose-Einstein condensates in a box realized with Hermite-Gaussian TEM 01 laser beams [39] , our proposal should lead to a much greater steepness of the repulsive walls, and therefore to a better experimental modeling of a homogeneous trap.
